Асимптотические разложения для мощностей критериев в случае распределения Лапласа by Королев, Р.А. & Бенинг, В.Е.
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H0 : θ = 0 (1.1)
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Hn,1 : θ =
t√
n
, 0 < t ≤ C, C > 0, (1.2)
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p(x, θ) =
1
2
e−|x− θ|, x, θ ∈ R1. (1.3)
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r(t) ≡ lim
n→∞
√
n(β∗n(t) − βn(t)) =
t2
3
ϕ(uα − t), (1.4)
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Λn(t) =
n∑
i=1
(|Xi| − |Xi − tn−1/2|), (1.5)
Tn =
1√
n
n∑
i=1
sign(Xi), (1.6)
Φ(x) k 7$. +&. 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 2&( 6# ϕ(x) k 
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(# Φ(uα) = 1− α# α ∈ (0, 1).
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βn(t) = Φ(t− uα) − t
2
2
√
n
ϕ(t − uα) + o(n−1/2), (1.7)
β∗n(t) = Φ(t− uα) −
t2
6
√
n
ϕ(t − uα) + o(n−1/2), (1.8)
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βn(t) = Φ(t − uα) − t
2
2
√
n
ϕ(t − uα) +
+
t
2n
ϕ(t − uα)
(
t2
3
− t
3
4
(t − uα)−
− 1
6
(u2α + uαt − 3t2 + 24δn(1 − δn) − 3)
)
+O(n−3/2),
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δn =
n + 1
2
+
√
nuα
2
−
[
n + 1
2
+
√
nuα
2
]
+O(n−1/2),
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βn(t) = Φ(γn − uα) − γnϕ(γn − uα)12n (u
2
α + uαγn −
− 3γ2n + 24δn(1 − δn) − 3) + O(n−3/2),
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γn =
√
n
(
2F (tn−1/2) − 1
)
,
F (x) = 1 − 1
2
e−x, x e 0.
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F (θ) =
1
2
+
1
2
θ − θ
2
4
+
θ3
12
+ O(θ4), θ > 0,
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γn =
√
n
(
t√
n
− t
2
2n
+
t3
6n
√
n
+ O(n−2)
)
=
= t − t
2
2
√
n
+
t3
6n
+ O(n−3/2).
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βn(t) = Φ(γn − uα) − tϕ(t − uα)12n (u
2
α + tuα −
− 3t2 + 24δn(1 − δn) − 3) + O(n−3/2) =
= Φ(t − uα) − t
2
2
√
n
ϕ(t − uα) + 12nϕ(t − uα)
(
t3
3
− t
4
4
(t − uα)−
− t
6
(u2α + tuα − 3t2 + 24δn(1 − δn) − 3)
)
+O(n−3/2).
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∑
j: Xj > 0
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Tn =
1√
n
n∑
i=1
sign(Xi) =
2√
n
Tn −
√
n , +  #
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hθ(x) =
1
θ
(|x| − |x − θ|) =
=
⎧⎨
⎩
−1, x ≤ 0,
2x/θ − 1, 0 < x < θ,
1, xeθ,
(3.1)
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Λn(t) = tn−1/2
n∑
i=1
htn−1/2(Xi). (3.2)
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E0hθ(X1) = −Eθhθ(X1) = −θ2 +
θ2
6
− θ
3
24
+ O(θ4),
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E0h
2
θ(X1) = Eθh
2
θ(X1) = 1 −
θ
3
+
θ2
6
+ O(θ3),
E0h
3
θ(X1) = −Eθh3θ(X1) = −
θ
2
+ O(θ2),
E0h
4
θ(X1) = Eθh
4
θ(X1) = 1 −
2
5
θ + O(θ2),
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D0hθ(X1) = Dθhθ(X1) = 1 − θ3 −
θ2
12
+ O(θ3),
E0
(
hθ(X1) − E0hθ(X1)
)3 = −Eθ(hθ(X1) − Eθhθ(X1))3 = θ + O(θ2),
E0
(
hθ(X1) − E0hθ(X1)
)4 = Eθ(hθ(X1) − Eθhθ(X1))4 = 1 − 25θ + O(θ2).
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f0(s) ≡ E0 eishθ(X1) = is(e
is−θ + e−is) − θe−is
2is− θ , (3.3)
fθ(s) ≡ Eθ eishθ(X1) = is(e
−is−θ + eis) + θeis
2is + θ
. (3.4)
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eθ = 1 + θ +
θ2
2
+
θ3
6
+ · · · ,
eis = 1 + is − s
2
2
− is
3
6
+ · · · ,
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sup
t∈[t1,t2]
sup
x∈R1
∣∣∣∣∣Pn,0(Λn(t) < x) − Φ
(x
t
+
t
2
)
− t
6
√
n
(x
t
− t
2
)
ϕ
(x
t
+
t
2
)
−
− 1
6n
ϕ
(x
t
+
t
2
)( t2
2
(x
t
+
2t
3
)
− t
2
12
(x
t
− t
2
)2(x
t
+
t
2
)
−
− t
(x
t
+
t
2
)2
+ t +
1
2
(x
t
+
t
2
)3
− 3
2
(x
t
+
t
2
))∣∣∣∣∣ = o(n−1).
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sup
t∈[t1,t2]
sup
x≤x0
∣∣∣∣∣Pn,tn−1/2(Λn(t) < x) − Φ
(x
t
− t
2
)
− t
6
√
n
(x
t
+
t
2
)
ϕ
(x
t
− t
2
)
−
− 1
6n
ϕ
(x
t
− t
2
)( t2
2
(x
t
− 2t
3
)
− t
2
12
(x
t
+
t
2
)2(x
t
− t
2
)
+
+ t
(x
t
− t
2
)2
− t + 1
2
(x
t
− t
2
)3
− 3
2
(x
t
− t
2
))∣∣∣∣∣ = o(n−1).
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sup
t∈[t1,t2]
sup
x∈R1
∣∣∣∣∣Pn,0
(
Λn(t) − t√nμt(0)
tσt(0)
< x
)
− Φ(x) +
+
1
6
√
n
μ3t(0)
σ3t (0)
ϕ(x)(x2 − 1) + 1
24n
(μ4t(0)
σ4t (0)
− 3
)
ϕ(x)(x3 − 3x) +
+
1
72n
(μ3t(0)
σ3t (0)
)2
ϕ(x)(x5 − 10x3 + 15x)
∣∣∣∣∣ = o(n−1), (3.5)

μt(0) = E0htn−1/2(X1),
σ2t (0) = D0htn−1/2(X1),
μ3t(0) = E0
(
htn−1/2(X1) − E0htn−1/2(X1)
)3
,
μ4t(0) = E0
(
htn−1/2(X1) − E0htn−1/2(X1)
)4
.
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μt(0) = − t2√n +
t2
6n
− t
3
24n
√
n
+ O(n−2), (3.6)
σ2t (0) = 1 −
t
3
√
n
− t
2
12n
+ O(n−3/2),
μ3t(0) =
t√
n
+ O(n−1),
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μ4t(0) = 1 − 2t5√n + O(n
−1),
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+& 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Pn,0
(
Λn(t) < x
)
= Pn,0
(
Λn(t) − t√nμt(0)
tσt(0)
<
x − t√nμt(0)
tσt(0)
)
=
= Φ(x) − t
6n
ϕ(x)(x2 − 1) + 1
12n
ϕ(x)(x3 − 3x) + o(n−1),

x ≡ x − t
√
nμt(0)
tσt(0)
=
x
t
+
t
2
+
t
6
√
n
(x
t
− t
2
)
+
t2
12n
(x
t
+
2t
3
)
+ O(n−3/2).
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Pn,0
(
Λn(t) < x
)
= Φ
(x
t
+
t
2
)
+
t
6
√
n
(x
t
− t
2
)
ϕ
(x
t
+
t
2
)
+
+
1
6n
ϕ
(x
t
+
t
2
)( t2
2
(x
t
+
2t
3
)
− t
2
12
(x
t
− t
2
)2(x
t
+
t
2
)
−
− t
(x
t
+
t
2
)2
+ t +
1
2
(x
t
+
t
2
)3
− 3
2
(x
t
+
t
2
))
+ o(n−1). (3.7)
] & + 1 
D 
&. 6&(  1. +22 &1 D < 6 8
? mEn &(  &. 1 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#  2 + x ≤ x0
 t ∈ [t1, t2] +& 
Pn,tn−1/2
(
Λn(t) − t√nμt(tn−1/2)
tσt(tn−1/2)
< x
)
= Φ(x)− 1
6
√
n
μ3t(tn−1/2)
σ3t (tn−1/2)
ϕ(x)(x2−1)−
− 1
24n
(μ4t(tn−1/2)
σ4t (tn−1/2)
− 3
)
ϕ(x)(x3 − 3x)−
− 1
72n
(μ3t(tn−1/2)
σ3t (tn−1/2)
)2
ϕ(x)(x5 − 10x3 + 15x) + o(n−1),
 +.( +2.. '22 @ <# +&/2
μt(tn−1/2) ≡ Etn−1/2htn−1/2(X1) =
t
2
√
n
− t
2
6n
+
t3
24n
√
n
+ O(n−2),
σ2t (tn
−1/2) ≡ Dtn−1/2htn−1/2(X1) = 1 −
t
3
√
n
− t
2
12n
+ O(n−3/2),
μ3t(tn−1/2) ≡ Etn−1/2
(
htn−1/2(X1) − Etn−1/2htn−1/2(X1)
)3 = − t√
n
+ O(n−1),
<>B   ! 
μ4t(tn−1/2) ≡ Etn−1/2
(
htn−1/2(X1)−Etn−1/2htn−1/2(X1)
)4 = 1− 2t
5
√
n
+O(n−1).
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/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22
Pn,tn−1/2
(
Λn(t) < x
)
= Φ
(x
t
− t
2
)
+
t
6
√
n
(x
t
+
t
2
)
ϕ
(x
t
− t
2
)
+
+
1
6n
ϕ
(x
t
− t
2
)( t2
2
(x
t
− 2t
3
)
− t
2
12
(x
t
+
t
2
)2(x
t
− t
2
)
+
+ t
(x
t
− t
2
)2
− t + 1
2
(x
t
− t
2
)3
− 3
2
(x
t
− t
2
))
+ o(n−1). (3.8)
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β∗n(t) 1. +
γnPn,0
(
Λn(t) = cn
)
, γnPn,tn−1/2
(
Λn(t) = cn
)
, 0 ≤ γn ≤ 1, cn ∈ R1,
.&.]. &/2  o(n−1)# +&(# +2#  /2 \ &22
&. + 1. 22 $
γnPn,0
(
Λn(t) = cn
)
≤ Pn,0
(
cn ≤ Λn(t) < cn + n−3/2
)
=
= Pn,0
(
Λn(t) < cn + n−3/2
)
− Pn,0
(
Λn(t) < cn
)
=
= O(n−3/2) + o(n−1) = o(n−1).
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4#? 66   β∗n(t)   α ∈ (0, 1) >
7  7A    " Λn(t)    

? (0 ≤ t ≤ C, C > 0)
β∗n(t) = Φ(t− uα) −
t2
6
√
n
ϕ(t− uα)−
− t
12n
( t4
6
− t
2
3
− 1− uα
( t3
6
− uα + t
))
ϕ(t− uα) + o(n−1).

	 ?2 / 6/ cn,t# 0. 6 &.
Pn,0
(
Λn(t) > cn,t
)
= α + o(n−1). (3.9)
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?(
1 − Φ
(cn,t
t
+
t
2
)
− t
6
√
n
(cn,t
t
− t
2
)
ϕ
(cn,t
t
+
t
2
)
−
	     	  <>E
− 1
6n
ϕ
(cn,t
t
+
t
2
)( t2
2
(cn,t
t
+
2t
3
)
− t
2
12
(cn,t
t
− t
2
)2(cn,t
t
+
t
2
)
−
− t
(cn,t
t
+
t
2
)2
+ t +
1
2
(cn,t
t
+
t
2
)3
− 3
2
(cn,t
t
+
t
2
))
= α + o(n−1). (3.10)
,2 ( cn,t  
cn,t = tuα − t
2
2
+
at√
n
+
bt
n
, (3.11)

cn,t
t
+
t
2
= uα +
at
t
√
n
+
bt
tn
,

cn,t
t
− t
2
= uα − t + at
t
√
n
+
bt
tn
.
 +( &. +&. \77$ at, bt 6  !@ <>"# +&/2
1 − Φ(uα) − ϕ(uα)
( at
t
√
n
+
bt
tn
)
+
1
2
uαϕ(uα)
a2t
t2n
−
− t
6
√
n
(
uα − t + at
t
√
n
)(
ϕ(uα)− uαϕ(uα) at
t
√
n
)
−
− 1
6n
ϕ(uα)
(
t2
2
(
uα +
t
6
)
− t
2
12
(uα − t)2uα − tu2α + t +
1
2
u3α −
3
2
uα
)
=
= α + o(n−1),
 22
at =
1
6
(t3 − t2uα),
bt = − t6
( t3
4
+
t2uα
3
− tu2α +
u3α
2
+ t − 3uα
2
)
,
 6/
cn,t = tuα − t
2
2
+
t3 − t2uα
6
√
n
−
− t
6n
( t3
4
+
t2uα
3
− tu2α +
u3α
2
+ t − 3uα
2
)
. (3.12)
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β∗n(t) = Pn,tn−1/2
(
Λn(t) > cn,t
)
=
= 1 − Φ
(cn,t
t
− t
2
)
− t
6
√
n
(cn,t
t
+
t
2
)
ϕ
(cn,t
t
− t
2
)
−
− 1
6n
ϕ
(cn,t
t
− t
2
)( t2
2
(cn,t
t
− 2t
3
)
− t
2
12
(cn,t
t
+
t
2
)2(cn,t
t
− t
2
)
+
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+ t
(cn,t
t
− t
2
)2
− t + 1
2
(cn,t
t
− t
2
)3
− 3
2
(cn,t
t
− t
2
))
+ o(n−1).
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 cn,t !@ <D"# +&/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β∗n(t) = Φ(t− uα) −
t2
6
√
n
ϕ(t− uα)−
− t
12n
( t4
6
− t
2
3
− 1− t
3uα
6
+ u2α − tuα
)
ϕ(t− uα) + o(n−1).
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 C"7 x > 0   C G
Pn,0
(
4
√
n|Δn(t)| e x
) ≤ Ce−x, C > 0.
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Pn,0
(
4
√
n|Δn(t)| e x
)
= Pn,0
(
4
√
nΔn(t) e x
)
+
+ Pn,0
(− 4√nΔn(t) e x) = Pn,0(exp{ 4√nΔn(t)} e exp{x})+
+ Pn,0
(
exp{− 4√nΔn(t)} e exp{x}
) ≤
≤ e−x
(
En,0 exp{ 4
√
nΔn(t)} + En,0 exp{− 4
√
nΔn(t)}
)
.
 +(  72& !@ =" 6 ? m<n 6(22 s = −i  s = i# +&/2
En,0 exp{± 4
√
nΔn(t)} = exp
{ t3
3
+ o(1)
}
,
] & 1 &22 
#?? 68  C"7 m > 0   
En,0
∣∣Δn(t)∣∣m = O(n−m/4).
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En,0
∣∣ 4√nΔn(t)∣∣m = ∫ ∞
0
Pn,0
(
4
√
nΔn(t) e x1/m
)
dx.
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C
∫ ∞
0
exp
{−x−1/m}dx ≤ C1 < ∞, C, C1 > 0.
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En,0|Δn(t)| 1(γn−δ/2,A)(|Δn(t)|) ≤ A En,0 1(γn−δ/2,A)(|Δn(t)|) ≤
≤ A Pn,0
(
|Δn(t)| e γn−δ/2
)
= A Pn,0
(
4
√
n|Δn(t)| e γn1/4−δ/2
)
.
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C exp
{−γn1/4−δ/2} = o(n−δ), C > 0, 0 ≤ δ < 1
2
.
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